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Abstract 

We provide a family of group measure space Hi factors for which all finite index subfactors can 
be explicitly listed. In particular, the set of all indices of irreducible subfactors can be computed. 
Concrete examples show that this index set can be any set of natural numbers that is closed 
under taking divisors. 



1 Introduction and statement of main results 

Recall that the Jones index |Jo83] of an inclusion of Hi factors N C M is denned as the Murray- von 
Neumann dimension [M : N] := dim(L 2 (M)jy). The astonishing main result of |Jo83j says that the 
index [M : N] can only take values in XU{+oo} where X := {4cos(-7r/n) 2 | n = 3, 4, 5, . . .}U [4, +oo). 
Conversely, Jones showed that all these values do arise as the index of a subfactor of the hyperfinite 
Hi factor R. For general Hi factors, Jones defines 

Z(M) := {[M :N]\NC M a finite index subfactor } . 

For concrete Hi factors M, determining X{M) is extremely hard. Popa's deformation/rigidity 
theory (see |Po06b| for a survey) has made it possible to compute invariants for several families of Hi 
factors. This has been successfully applied for the fundamental group (see e.g. [PoOl [ lP"o03} IPV 08a] ) 
and the outer automorphism group (see e.g. |IPP051 rPV061 IVa071 IFV07j ). In this paper, we apply 
Popa's theory to provide computations of I(M). 

Although it is known that I(R) = I, it is a major open problem to compute the irreducible 
counterpart C(R), defined for arbitrary Hi factors M as 

C(M) := {[M : N] \ N C M an irreducible finite index subfactor } . 

Recall that a subfactor N C M is said to be irreducible if N' n M = CI. 

In |Va061 IVa07| . examples of Hi factors M without non-trivial finite index subfactors were given. 
For these examples, C(M) = {1} and Z(M) = {n 2 \ n € N}. 

In this paper, we produce concrete Hi factors M for which C(M) and I(M) can be computed. 
In particular, given any set Vq of prime numbers, we provide examples where I(M) consists of 
the positive integers having all prime divisors in Vq. We prove that C(M) ranges over all sets 
of natural numbers with the property of being closed under taking divisors. Our examples M 
are group measure space Hi factors L°°(A, fi) x T associated with a free, ergodic, probability 
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measure preserving (p.m. p.) action T rx (X,/j.) satisfying a number of conditions. To explain these 
conditions, we need the following concepts. 

Cocycle superrigidity. Given a p.m. p. action T rx (X, fj,) and a Polish group Q, a 1-cocycle for 
r a (X, fi) with values in Q is a Borel map u : T x X — > Q satisfying oj(gh, x) = u(g, h ■ x)u(h, x) 
almost everywhere. A 1-cocycle is said to be cohomologous to a group morphism, if there exists a 
group morphism 5 : T — > Q and a measurable map (p : X — > Q such that co(g, x) = ip(g ■ x)5(g)(p(x)~ 1 
almost everywhere. A p.m.p. action T rx (X,fi) is said to be Q-cocycle superrigid if every 1-cocycle 
with values in Q is cohomologous to a group morphism. 

Bimodules. A P-Q-bimodule (or correspondence) between von Neumann algebras P and Q is a 
Hilbert space H equipped with a normal representation of P and a normal anti-representation of 
Q having commuting images. If P and Q are tracial, a bimodule pHq is said to be of finite index 
if the Murray-von Neumann dimensions dim('HQ) and dim(p'H) are both finite. 

Weak mixing. A p.m.p. action V rx (X, jj) is called weakly mixing if CI is the only non-zero finite 
dimensional T-invariant subspace of L 2 (A). Equivalently, V rx (X,fi) is weakly mixing iff there 
exists a sequence g n in V such that fi(g n ■ U n V) — > fi(U)fi(V) for all measurable subsets U,V C X. 

Condition 1.1. We say that the action T rx {X,jj) satisfies Condition 11.11 if Y rx (X,fi) is free, 
weakly mixing and p.m.p. and if, denoting A = L°°(X) and M = A x T, the following conditions 
are satisfied. 

• Every non-zero finite index M-M-bimodule admits a non-zero finite index ^4-^4-subbimodule. 

• If Q is a countable or a compact second countable group and if Ti < V is a finite index 
subgroup, then every 1-cocycle for ]?i rx (X, /i) with values in Q is cohomologous to a group 
morphism ]?i — > Q. 

When r rx (X,fi) satisfies Condition 11.11 and M = h°°(X) x T, we explicitly determine, up to 
unitary conjugacy, all finite index subfactors of M. In particular, we compute the invariants I(M) 
and C(M). When iV C M is a finite index subfactor, ^\j 2 {M)m is a finite index iV-M-bimodule. 
In general, we call Hi factors P and Q commensurable if there exists a non-zero finite index 
P-Q-bimodule. We determine, up to isomorphism, all Hi factors that are commensurable with 
M = L°°(X) x r. 

Thanks to Sorin Popa's deformation/rigidity theory, it is possible to give examples of group actions 
satisfying the strong conditions in ll.ll Popa proved in [Po05[[Po06a| cocycle superrigidity theorems 
with arbitrary countable or arbitrary compact second countable target groups, providing many 
group actions that satisfy the second part of Condition II. li On the other hand, the first part of 
Condition 11.11 can be considered as a strengthening of the assumption that every automorphism of 
M preserves globally (and up to unitary conjugacy) the Cartan subalgebra A. Examples of group 
measure space Hi factors satisfying such conditions were obtained in |PoOH IPo041 IIPP051 IPV06|, 
|yaMlQTWllPVU9] . 

More concretely, we get the following examples of group actions satisfying both conditions in 11.11 
All of them are (generalized) Bernoulli actions: given the action r rx I of V on the countable set 
/ and given a probability space (Xq,/j,q), we consider T rx (Xq,^) 1 given by (g ■ x)i = x g -i ti . In 
all of the following examples, cocycle superrigidity is provided by Popa's [Po05[ Theorem 0.1 and 
Proposition 3.6]. 
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• By |PV09l Theorem 7.1], the generalized Bernoulli actions T rx (Xq,^) 1 associated with 
the following Y rx I satisfy Condition 11.11 : V = SL(n, Z) *s (S x A), where n > 3, A is an 
arbitrary non-trivial group and £ = Z is generated by a hyperbolic element ^4 £ SL(n, Z) 
such that £ • i is infinite for all i £ I. 

More generally, let r = Y± *■£ Y2 be an amalgamated free product, where £ is an infinite 
amenable group. Let T rx I. Among other examples, [PV091 Theorem 7.1] implies that, 
under the following assumptions, T rx (Xq,^) 1 satisfies Condition ll.il 

— Ti has a normal, non-amenable subgroup H with the relative property (T) such that 
H ■ i is infinite for all i £ I. 

— £ is a proper normal subgroup of T2 and £ • % is infinite for all i E I. 

— Y admits a subgroup G of infinite index such that gT,g~ l n £ is finite for all 5 £ T — G. 

• By |Va07t Theorem 2.2], the generalized Bernoulli actions Y rx (Xq^q) 1 associated with the 
following T rxl satisfy Condition Ol: PSL(ra, Z) rx P(Q n ) for n > 3 and SL(n, Z) x Z n rv Z n 
for n>2. For more examples, see [Va071 Examples 2.5]. 

In order to state the main result of this paper, we need the following concepts. 

Stable isomorphism of II\ factors. Recall that M* denotes the amplification of a Hi factor M by 
t > : up to isomorphism, M = p(M n (C) <%> M)p for some orthogonal projection p £ M n (C) ® M 
satisfying (Tr ®r){p) = t. We say that the Hi factors M and N are stably isomorphic if there exists 
t > and an isomorphism tt : N — > M*. Associated with tt, is the natural M-A^-bimodule mW^N 
given by j^(Mi >n (C) CED L 2 (M))p„-(jv). We can equivalently define a stable isomorphism between M 
and as an M-A-bimodule m^n with the property that the right A-action on K. equals the 
commutant of the left M-action on fC. Every stable isomorphism a/^Qv is unitarily equivalent with 
mH w n f° r an isomorphism ir : A — > M* that is uniquely determined up to unitary conjugacy. 

Commensurate subgroups and commensurators. Recall that subgroups T,G < G are called com- 
mensurate if r n G has finite index in both V and G. If V < Q, the commensurator of T inside Q is 
defined as the group of all g £ Q such that gr^ -1 n T has finite index in both V and ^r^ -1 . 

Projective representations. Recall that a map ir : G —> U(fC) from a countable group G to the 
unitary group of a Hilbert space JC is called a projective representation if 7r(g)n(h) = fl(g, h)ir(gh) 
for some map 0, : G x G — > T. We call the obstruction 2-cocycle of 7r. The group of 2-cocycles 
n : G x G ->• T is denoted by Z 2 (G, T). 

Cocycle crossed products. Whenever G rx (X,fi) and f2 £ Z 2 (G, T), one constructs the cocycle 
crossed product L°°(A) x^ G, generated by L°°(A) and unitaries (u g ) g< =c satisfying 



for all a £ L°°(X), and g,h £ G. 

Connes tensor product. When p%q and q/Qv are bimodules between the tracial von Neumann 
algebras P, Q and A, we denote by Ti ®q K, the Connes tensor product, which is a P-A-bimodule. 

Theorem 1.2. Suppose that the action V rx (X,fj.) satisfies Condition li.il Put A = L°°(A) and 



u* g au g = a(g-) 




M = A x r. 
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1. Up to stable isomorphism, the ll\ factors that are commensurable with M are precisely given 
as A yiQ G, where G C Aut(X, fi) is commensurate with T and € Z 2 (G, T) is a 2-cocycle 
that arises from a finite dimensional projective representation of G. 

2. With (G, O) and (H,uj) as in 1, put P = A x^ G and Q = A x^ H. Every irreducible finite 
index P-Q-bimodule ptLq is unitarily equivalent with 

P^( 7 ,7r) Q := L 2 (P) ® Po £(7, ir) ®q L 2 (Q) , 

where Pq C P and Qq C Q are the finite index subfactors defined by 

P = A^si(Gn 7 V) and Q = Ax UJ (Hr)j- 1 G-f) 

for some 7 € Aut(A, fx) in the commensurator of T, and where the bimodule p /C(7, vr)g = 
^, 7r (P )(L 2 ((5o) ® K)q is given by an irreducible projective representation tt : GD^fHj^ 1 — > K 
with obstruction 2-cocycle 0,u) o Ad7 _1 and corresponding inclusion 

: P ->■ Q <g> B(if) : Tp n (au g ) = 0(7 • )« 7 -i ff7 <8> 7r(ff) . 

Remark 1.3. In order to deduce from Theorem 11.21 an entirely explicit list of all commensurable 
Hi factors, we need to know the commensurator of T inside Aut(X,fi). Usually, this is a hard 
problem. But, when T r\ I has the property that (Stabz) • j is infinite for all i 7^ j, then the com- 
mensurator of r inside Aut((Ao, ^o)^) nas been computed in [PV091 Lemma 6.15] (see also |PV06[ 
Proof of Theorem 5.4]). It is generated by the following two types of elementary commensurating 
automorphisms. Firstly, whenever rj is a permutation of / that commensurates T, we have A given 
by (A(x)) i = Xq-iffi. Secondly, for every orbit T ■ i and every Ao G Aut(A"o,/zo)> we have A given 
by (A(x)) . = Aq(xj) for j € T • i and (A(x)) . = xj for j £ T • i. 

For a given Hi factor M, the finite index M-M-bimodules form a C*-tensor category Bimod(Af). 
More generally, one can build the so-called O* -bicategory Comm(M) of commensurable Hi factors : 
the objects (or 0-cells) in this category are the Hi factors N that are commensurable with M, the 
morphisms (or 1-cells) from Ni to N2 are the finite index Ai-iVVbimodules with composition given 
by the Connes tensor product and finally, the morphisms between two morphisms (or 2-cells) are 
given by the bimodular bounded operators between two bimodules. In Section U we reinterpret 
Theorem 1 1 . 2 1 and prove that for the Hi factors M given by Theorem II. 2\ the bicategory Comm(M) 
is equivalent with a bicategory Hecke(r < Q) associated with the Hecke pair T < Q, where Q 
denotes the commensurator of T inside Aut(X, //). 

In particular, we get an explicit description of Bimod(M) as C*-tensor category; a problem that was 
left open in |Va07] . although all finite index bimodules could be described up to unitary equivalence. 

Whenever N C M is a finite index subfactor, a/L 2 (M)tv is a finite index bimodule of left dimension 
1 and right dimension [M : N]. Hence, whenever T r\ (X,fx) satisfies Condition 11.11 Theorem 11.21 
provides a complete description of all finite index subfactors of L°°(A) x T, up to unitary conjugacy. 
We can make this description more concrete in the following way. 

Corollary 1.4. Suppose that the action T r\ (X,[a) satisfies Condition Put A = L°°(A) and 
M = A x T. Up to unitary conjugacy, all finite index subfactors of M are provided by the following 
construction. 

The data for the construction consists of a subgroup G < Aut(A, fj,) that is commensurate with 
T, a 2-cocycle Q G 7?{G, T), elements 71, . . . ,j n in the commensurator ofT inside Aut(A",/i) and 
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finite dimensional projective representations Hi : V n JiGj, 1 — > U{Ki) with obstruction 2-cocycle 
Given these data, put li = [G : G Pi 7, rl r7j] and rj = [r : T n 7^7^ ]. Amplifying 

a( ■ )u g i— >a(~ii -)u _i 

/ a ^-.xl/fc tunnel construction . /x , _ „ — 1 N T« 97i 

A^siG 7 >■ A XooAcw- 1 (r n 7iG 7t x ) — >• i%G 

inclusion with index li 'i inclusion with index li 



inclusion with index r; dim(7Ti) 



(in 



g ^tau g ®ir(g) 



{A X T) ® B(ifi) 

yields an inclusion A G — ?■ M^* dim ( 7ri ) o/ index l^i dim(7Tj) 2 . Reducing the diagonal product of 
these inclusions, provides a subfactor 

(A xs n G) 1/e C M 
0/ index £r, where £ = Ya=i ^ dim(7Ti) and r = X^ILi r * dim(7Tj). 

When the group T has no non-trivial finite dimensional unitary representations (and in particular, 
no non-trivial finite index subgroups), the formulation becomes easier and we get the following 
result. Concrete examples of the invariants C(M) and I(M) are provided by Corollary [321 yielding 
Hi factors M such that C{M) is any prescribed set of natural numbers with the property of being 
stable under taking divisors. 

Corollary 1.5. Suppose that the action V rx (X,fj,) satisfies Condition li.il and that the group T 
has no non-trivial finite dimensional unitary representations. Put M = L°°(X) x T and denote by 
Q the normalizer ofY inside Aut(X, (j). Then, 

C{M) = {|G| | G is a finite subgroup of G/^} , 

I(M) = jn 2 |G[ | G is a finite subgroup of Q/T and n £ N \ {0}} . 



2 Proof of Theorem 11.21 and its corollaries 



In order to make our proofs more readable, we split it up into a several independent lemmas. We 
start with a more precise version of the first part of [Va07, Theorem 6.4]. 

Lemma 2.1. Let G rx (X,fi) be a free, p.m. p. action such that, for every finite index subgroup 
G\ < G, the action G\ rx (X, fi) is ergodic and cocycle superrigid with arbitrary compact second 
countable target groups. Let ft € Z 2 (G, T) and put A = L°°(X). Let Q be a LI\ factor and 
tp : AxqG — > Q an irreducible finite index embedding, with corresponding bimodule ma >Sn g)L 2 (C;)q. 

There exists a finite index subgroup G\ < G, a finite dimensional projective representation ir : 
Gi — > U{K) with obstruction 2-cocycle Q n , a projection p € Q n ip(A)' of trace ([G : Gi] dim7r) _1 
and, writing $7i := a finite index inclusion ip\ : A >4q 1 G± — > pQp such that ipi{a) = ip(a)p 

for all a € A, ipi(A) is maximal abelian in pQp and 

*(A xn G)L 2 (Q)q = (L 2 (A x n G) ® ( P L 2 (Q) ® K)) 

with left module action of au g € A G\ on ph 2 (Q) ® K given by ipi(au g ) <g) Tr(g). 
Moreover, p can be chosen such that spa.n{ip(u g )p'ip(ug)* \ g £ G} is finite dimensional. 



5 



Proof. Put P = A xq G. Since tp(P) C Q has finite index, also ^(P)n^(A)' C Qn-ip(A)' has finite 
index (see e.g. jVa07[ Lemma A. 3]). Put B = Q n ip(A)' . Since ip(A) C B has finite index, B is 
of finite type I. Also, ip(A) C 2(-B) has finite index. Moreover, (Ad tp(u g )) ge G defines an ergodic 
action of G on 2(B). It follows that we can take a *-isomorphism 6 : 2(B) — > L°°(A x {1, . . . , m}) 
such that 9(ip(a)) = o ® 1 for all a G A. Hence, conjugates the action (Ad ip(u g )) g( =G on 
with the action G rx X x {1, . . . , m} given by 

9 • (x,i) = (g • x,u(g,x)i) 

where to : G x X — > S m is a 1-cocycle with values in the symmetric group S m . By cocycle 
superrigidity, we may assume that G rx {1, . . . , m} transitively and that g- (x, i) = (g-x,g-i). Define 
d = Stab 1, po = 0~ 1 (xxx{i}) and p o = A ^(i G\- Define Vo : Po -» PoQpo as ^ (d) = Po^(^) for 
all d G Po- By construction, 

^ (P )L 2 (Q)q 9* L 2 (P) ® Po ( MPq)Po L 2 (Q) q ) . 

Put Q = PoQpo and -B = Qo n f/'o^)'- By construction, 2(B Q ) = ^o(^) and (Ad^ (%)) 9 eGi 
defines an ergodic action of G\. Since Bq is finite and of type I, we can take a finite dimensional 
Hilbert space K and a *-isomorphism 7 : £?o — > A CB) B(A) such that j(vp(a)) = a ® 1 for all 
o £ i and such that 7 conjugates the action (Ad ijj(u g )) g£ G on So with the action (a g ) 5g Gi on 
A <g> B(if) = L°°(A, B(K)) given by 

(a a -i(o))(x) = ^(g,x)~ 1 (a(g • x)) for a G L°°(X, B(A)), 5 eG^Gl 

where /3 : Gi x X — > Aut(B(A)) = P£Y(A) is a 1-cocycle. By cocycle superrigidity, we may assume 
that f3(g,x) = Ad7r(g) for some projective representation tt : G\ — > U(K). 

Define unitaries v g G Qo as v g = ^o(u g )^f~ 1 (l®TT(g)*). Put Sli = G Z 2 (Gi,T). Let q\ G B(A) 
be a minimal projection and put p\ = 7~ x (l ® qi). For all g G G\ \ {e}, we have EB (ipo(u g )) = 0. 
Hence, also Eb (v 9 ) = 0. By construction, v g commutes with p\ and we obtain a well defined finite 
index inclusion 

tpl : A x m Gi -s- piQpi : ipi(au g ) = av g pi . 
This inclusion satisfies all desired properties. □ 

The next lemma is almost literally contained in |PV09} Lemma 7.3 and proof of Theorem 7.1]. We 
repeat it here for the convenience of the reader. We call a measurable map A : X — > Y between 
probability spaces (X, fi) and (Y, 77), a local isomorphism, if, up to measure zero, we can partition X 
into non-negligible subsets X n , n G N, such that the restriction A\x n is a non-singular isomorphism 
between X n and a non-negligible subset of Y. If moreover all A\x„ are measure preserving, we call 
A a local m.p. isomorphism. 

Lemma 2.2. Let G rx (X,fi) be a free, p. m.p. action. Assume that all finite index subgroups of G 
act ergodically on (X, fi) and that G rx (X, fi) is cocycle superrigid with arbitrary countable target 
groups. Let H rx (Y,rj) be an arbitrary free, ergodic, p. m.p. action. 

If A : X — > Y is a local isomorphism satisfying A(G • x) C H ■ A(x) for almost all x G X, there 
exists 

• a finite group A acting freely on (X, f£) and satisfying gAg^ 1 = A for all g G G, 

• an isomorphism of probability spaces ^ : X/A — > Y, 
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• a group homomorphism 5 : G — > H with Ker 8 = G D A, 

such that ip(g ■ x) = 5(g) ■ ip(x) and A(x) G H ■ /or all g £ G and almost all x £ X. 

Proof. Define u : G x X — > H such that A(g ■ x) = u(g,x) ■ A(x) almost everywhere. Then, lo is 
a 1-cocycle and cocycle superrigidity provides a measurable map tp : X — >■ i7 such that, defining 
^(x) := </?(x) • A(x), we have ^(g • x) = 5(g) • ^(x) almost everywhere, for some group morphism 
5 : G —> H. By construction, ^ is still a local isomorphism. 

Define the equivalence relation 1Z = {(x, y) £ X xX \ *S>(x) = ^(y)}. Since ^ is a local isomorphism 
and n(X) < oo, almost every x € X has a finite ^-equivalence class. Moreover, the function 
x ^ #{y € X | xTZy} is G-invariant and hence, almost everywhere equal to a constant that we 
denote by m. Denote by lo C Y the essential range of ^. It follows that, up to measure zero, we 
can partition X into X±, . . . ,X m such that := *&\xi is an isomorphism between and Yq. By 
construction, all scale the involved measures by the same constant. Hence, Tj := ^>~ l o ^> is a 
local m.p. isomorphism. Denote by S m the permutation group of {1, . . . , m). The formula 

Ti(g ■ x) = g ■ T^g^-i^x) 

defines a 1-cocycle i):Gxl4 S m . By cocycle superrigidity, we find a measurable 7 : X — >■ 
and a group morphism ir : G — > S m such that, writing Ri(x) = Ty( x yi(x), we have Ri(g • x) = 
g ■ R^^-i^x). By construction, Ri is a local m.p. isomorphism. Since the essential range of R4 is 
globally invariant under the finite index subgroup Ker7r < G, we conclude that Ri G Aut(X,(i). 
By construction, the equivalence relation 1Z is the union of the graphs of R\, . . . , R m . Since almost 
every ^-equivalence class has m elements, we deduce that the graphs of the Ri are essentially 
disjoint. For all i,j, we find k such that {x £ X \ Ri(Rj(x)) = Rk(x)} is non-negligible. But this 
last set is globally invariant under Ker 7r, showing that Ri o Rj = R k almost everywhere. Hence, 
A := {Ri, . . . , R m } is a subgroup of Aut(X, /x), that defines an essentially free action A rx (X, /i) 
and that satisfies all desired properties. □ 

Lemma 2.3. Let G rx (X,fx) be a free, weakly mixing, p. m.p. action. Let A be a non-trivial finite 
group acting freely and p. m.p. on (X,fi). Assume that gAg^ 1 = A for all g € G. Then, G admits 
a finite index subgroup G\ such that the action 

d X 

g[ n A ^ X 

is not cocycle superrigid with arbitrary countable target groups. 

Proof. Take G\ < G of finite index such that G\ and A commute inside Aut(X, /i). Define Q as the 
subgroup of Aut(A", jj) generated by G\ and A. Since A is finite and A rx (X,fi) is free, choose a 
measurable ip : X — >■ A such that if>(\ ■ x) = \ip(x) for all A G A and almost all Define 

u : Gi x X ->■ g : u(g,x) = ip(g ■ xy 1 gip(x) . 

Since G\ and A commute, it is easy to check that uj is actually a 1-cocycle 

gi X 
Gi n A A 
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If this 1-cocycle were to be cohomologous to a group morphism, we would find a group morphism 
5 : G\ — > Q and a A-invariant measurable map p : X — > Q such that 

i>{9 ■ x)" l g^{x) = tp(g ■ x)5(g)ip(x)' 1 . 

Define F(x) = ip(x)<p(x). It follows that F(g ■ x) = gF(x)6(g)~ 1 . Hence, the set 

U = {(x,y) £ X x X \ F(x) = F(y)} 

is invariant under the diagonal Gi-action. Since F takes only countably many values, hi is non- 
negligible. By weak mixing of G rx (X, p), it follows that U has complement of measure zero. Hence, 
F is constant almost everywhere. But then, ip follows A-invariant, which is a contradiction. □ 

Lemma 2.4. Let G rx (X,p) be a free, weakly mixing, p.m. p. action that is cocycle superrigid with 
compact second countable target groups. Assume that f2 £ Z 2 (G, T) is the obstruction 1-cocycle of a 
finite dimensional projective representation and that uj : G x X — > T is a measurable map satisfying 

uj(gh, x) = £l(g, h) tu(g, h ■ x) uj(h, x) 

almost everywhere. 

Then, there exists a measurable map ip : X — > T and a map p : G — > T such that 

u(g,x) = ip(g ■ x)p{g)ip{x) 
almost everywhere. In particular, Q is cohomologous to the trivial 2-cocycle. 

Proof. Assume that 0, = 0, n for a finite dimensional projective representation tt : G —> U(K). 
Consider U(K) as a compact group and define 2 : G x X — > U(K) by uj(g,x) = ui(g, x)ir(g). 
Then, a; is a 1-cocycle and cocycle superrigidity gives a measurable map p> : X — > U(K) and a 
homomorphism p\ : G — > U{K) such that 

w(g,x)n(g) = <p{g ■ x)* pi(g)<p(x) . 

In the quotient PU(K), we get the equality ip(g ■ x) = pi(g)(p(x)ir(g)* almost everywhere. Weak 
mixing of G rx (X,p) implies that cp is almost everywhere constant in VIA(K) (see e.g. [PV08b[ 
Lemma 5.4]). Replacing (p( ■ ) by ucp( ■ ) for the appropriate u € U(K) and replacing p\ by (Adu*) o 
pi, we may assume that (p takes values in T C U(K). Then, pi(g) = p(g)^(g) for some map 
p : G — > T, proving the lemma. □ 

Fix a group action T rx (X, p) satisfying Condition I l.li Put A = L°°(X) and M = A x T. 

Define Q C Aut(Jf, p) as the commensurator of T inside Aut(X,p). By [Va07, Lemma 6.11], every 
7 € Q \ {e} acts essentially freely on (X, p). So, whenever G < Q is a subgroup commensurate with 
r, the action G rx (X, p) is free and weakly mixing. 

Whenever G < Q is commensurate with T, the action G rx (X, p) is cocycle superrigid with 
countable or with compact second countable groups. Indeed, by the assumption in Condition ll.l| 
we have cocycle superrigidity of G n T acting on (X, p). Since G R V acts weakly mixingly, cocycle 
superrigidity of G rx (X,p) follows from |Po05l Proposition 3.6]. 

If G < Q is commensurate with V and if Vt € Z(G, T) is the obstruction 2-cocycle of the finite 
dimensional projective representation tt on K, the Hi factor A G is commensurable with M. 
Indeed, the embedding A XI n G — > (Ax G) ®B(K) : au g h-> au g ®'K(g) proves the commensurability 
of A xi q G and A x G. The latter is commensurate with its finite index sub factor A x (G fl I), 
which is in turn commensurate with A x V = M. 
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Proof of Theorem I1.2L point 2. Let G, H < Q be subgroups that are commensurate with V. 
Take SI € Z 2 (G, T) and w € Z 2 (P, T), both being obstruction 2-cocycles for finite dimensional 
projective representations. Put P = A xq G and Q = A x w H. Let p%q be an irreducible finite 
index P-Q-bimodule. 

We first prove that "H is a direct sum of finite index 74->l-subbimodules. In the paragraph preceding 
this proof, we constructed non-zero finite index bimodules m^p and qCm- By construction, K, and 
C can be taken as a direct sum of finite index ^4-^4-subbimodules. Consider now the M-M-bimodule 

Condition 11.11 implies that every finite index M-M-bimodule %' is a direct sum of finite index 
A-A-subbimodules. Indeed, it suffices to consider irreducible %' . By Condition 11.11 we find a 
non-zero finite index A-A-subbimodule H" C H'. But then, all u g ■ H" ■ u^, g,h € T are finite index 
A-A-subbimodules. By irreducibility of H', they densely span %' . 

So, %' is a direct sum of finite index ^4-^4-subbimodules. Then, the same is true for the P-Q- 
bimodule K®mT~L' ®M £>■ By construction, this last P-Q-bimodule contains pHq. We have proved 
that T-L is a direct sum of finite index A-A-subbimodules. 

Take the irreducible finite index inclusion tpQ : P — > p(M m (C) ® Q)p such that pHq is isomorphic 
with ^, (p)p(C m (8>L 2 ((5))q. We denote by D m C M m (C) the subalgebra of diagonal matrices. By 
[VaT)7l Lemma 6.5], we may assume that ipo(A) C (D m 

Lemma 12 . 1 1 yields now the following data: 

• a finite index subgroup G\ < G, 

• a finite dimensional projective representation it : G\ — > U(K) with obstruction 2-cocycle 

• using the notations Sli = and Pi = A Xoi Gi, a finite index inclusion ^ : Pi — > 

g(M n (C) (g> Q)g with VK^) = (D n <8>^4)g for some projection q £ P n (g) ^4, 

such that p^q = L 2 (P) <g>p 2 where P2 = A x^ G\ and where the P2-Q-bimodule T-L' is defined 
as 

P2 H' Q = e(P 2 )(q(C n ®L 2 (Q))®K) Q with 

: P 2 -> g(M n (C)®Q)g®B(K) : fl(au 9 ) = ip(au g ) ®Tr(g) . 1 

Take the non- negligible subset U C {l,...,n} x X such that q = xu an d take the isomorphism 
A : X — > W such that V ; ( a ) = a ^ 1 f° r ai l a £ ^4- Denote by Ai : X — > X the composition 
of A and (i, x) 1— > x. It follows that Ai is a local isomorphism, locally multiplying the measure 
by (Tr®T)(g) and satisfying Ai(Gi • x) C H ■ Ai(x) almost everywhere. By Lemma 12.21 we 
find an m-to-1 quotient map A2 : X — > X and a group homomorphism 5 : Gi — > H such that 
^2(5 • x) = 5(g) ■ A2(x) and A2(x) € H ■ Ai(x) almost everywhere. Moreover, Lemma 12.21 provides 
a subgroup A < Aut(X,fi) of order m, with gAg" 1 = A for all g 6 G\ and such that A2 induces a 
conjugacy between the actions 

G\ X 

— rx — and H\ rx X where Pi = 5(G\) . 

G x n A A 1 v 17 

Since A2(x) £ H ■ Ai(x) and since A2 is an m-to-1 quotient map, it follows that (Tr ®r)(q) = m 
and that there exists a W G q(M njm (C) <£> Q) satisfying WW* = q, W*W = 1 and, writing ipi(-) = 
W*ip( ■ )W, ^i(o) = 1 ® a o A^ 1 for all a G L°°(A:/A) C A. Since A 2 (# • x) = 5(g) ■ A 2 (x), it then 
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follows that ipi(u g ) G (M m (C)(g) J 4)u 5 ( 9 ) for all g G G\. In particular, rpi(Pi) C M m (C)<g) (Ax^Hi). 
Since ipi(Pi) C (7(M n (C) <g> G;)(7 has finite index, this implies that Hi < H has finite index. 

Since Hi < H has finite index, the action Hi rx (X, p) is cocycle superrigid. But H\ rx X is 
conjugate with Gi/(G\ fl A) rx X/A. Hence, Lemma 12 . 31 implies that m = 1, A = {e}. This means 
that A 2 € Aut(X,^) and A 2 gA 2 1 = 5(g) for all g € Gi. Hence, A 2 € Put 7 = A^ 1 . So, we 
may from now on assume that n = 1, q = 1 and that f/'i : Pi — )• Q is given by 

Tpi(a) = 0(7- ) and ipi(u g ) = a 7 -i 97 u 7 -i S7 

for some unitaries (a^heH! £ U(A). 

Define the measurable map r\ : H\ xI->T: ^(/t, x) = a/ l (/i • x). It follows that 

r](hk, x) = (u f2i o Ad 7) (/i, k) rj(h, k ■ x) r](k, x) . 

Lemma 12.41 yields a unitary b £ U(A) and a map p : G\ — > T such that, replacing ^1 by Ad b o ipi, 
we have ipi(a) = 0(7- ) for all a & A and ipi(u g ) = p(g)u~-i g ~ for all g £ G±. 

Replacing the projective representation ir : G\ — > U{K) by the projective representation Gi — > 
U(K) : g I—)- p(g)ir(g), we may assume that ip(u g ) = u 7 -i g7 for all 5 € Gi. In particular, = 
o Ad7^ 1 . 

Put Go = G fl 7-H7 -1 and i^o = H n 7 _1 G7. The 2-cocycle fiw o Ad7 _1 makes sense on Go and 
hence is the obstruction 2-cocycle of an induction of tt to a projective representation tt of Go (see 
e.g. [Va071 Definition 6.8]). Put Pq = A Go and Qo = A x w Hq. From ([1]) and the isomorphism 
% ^ L 2 (P) (g) Pl one deduces that 

pUq - L 2 (P) » Po /C( 7 , 5r) ® Qo L 2 (Q) , 

where £(7,7?) is as in the formulation of Theorem 11.21 2. Since H was assumed to be irreducible, it 
follows that 7? is irreducible. □ 



Proof of Theorem II. 2\ point 1. Put M = A xi T. Let Q be a Hi factor and mICq a non-zero 
finite index bimodule. Define % = JC (8>q fC. Denote by Q the commensurator of V inside Aut(X, p). 
Since H is a non-zero finite index M-M-bimodule, the already proven point 2 of Theorem 11.21 yields 
a finite dimensional Hilbert space K and a finite index inclusion tpQ : M — > B(if) ® M such that 
mHm — ip (M)(K ® L 2 (-^))m and such that the restriction -00 U has the special form 

n 

ipo(a) = ~^2pi <X> a(7i •) where 71, . . . , j n G Q and pi, . . . ,p n are projections with sum 1. (2) 
i=l 

After a unitary conjugacy and a regrouping of the /jj and 7^, we may assume that "fiT, . . . ,7 n r are 
mutually disjoint. By construction, we find an intermediate subfactor ifto(M) CPC R(K)®M such 
that P and Q are stably isomorphic. For the rest of the proof, we only retain the information that Q 
is stably isomorphic with an intermediate subfactor of a finite index inclusion ipo : M — > B(K) ®M 
where iPo\a is of the special form ([2]). 

Put D = ip (A)' fl (B(K) ®M). Since Q acts freely on (X, p), we have D = i B(piK)®A. Denote 
by To < r a finite index subgroup with the property that 7 i _1 ro7j C V for all i = 1, . . . , n. For 
every g gTq, define 

n 

v g :=Y,Pi® u ^ 91i ■ 

8=1 
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A direct computation shows that il)o(u g )v* commutes with tp(A) and hence, ipo(u g ) G Dv g for all 
g G To- Write ipo(u g ) = Ya=1 Vi,g(Pi ® u -y~ 1 a -y ) ^ or some unitaries rji t g G B(pjif ) <8> A For a fixed i, 
these unitaries can be reinterpreted as a 1-cocycle for the action Tq r\ X with values in U{piK). 
As a result, we can unitarily conjugate ipo and assume that ibo(u a ) = V^Li ^i(g)Pi ®v,-i nni for all 

5 G To- Since the action of 7^~ ro7i on (X,fi) is weakly mixing, it follows that 

MM)' n (B(K) ®M)d 0(B(pjiiQ ® 1) . 

i 

We replace ipo(M) by ipo(M)q where g is a minimal projection in Pn^o(M)'. So, V'oU still has the 
special form and also the ^o(u g ),g G Tq keep their special form. We now have that tpo(M) C P 
is irreducible. 

We apply Lemma 12.11 to the irreducible inclusion tpo(M) C P. We find a finite index subgroup 
Ti < r, a projection p G P H if)(A)', an obstruction 2-cocycle f2 G Z 2 (ri,T) of a finite dimensional 
projective representation and a finite index inclusion ifi : A xq T\ — > pPp such that ip{a) = 
ipo(a)p for all a G A and ip(A) C pPj> is maximal abelian. Moreover, we can take p such that 
sp&n{ipo(u g )pipo(u g )* | g G T} is finite dimensional. Since T rv (X,fj,) is weakly mixing, we 
conclude that p G 0j(B(pjiC) <g> 1). 

Replace P by jPp and K by pX. We have found a finite index inclusion ip : A xq T\ — > B(X) (8) M 
such that P is an intermediate subfactor ip{A Xq Ti) C P C B(K) ® M with V'(^) C P being 
maximal abelian and such that i/j\a is of the special form ([2]). 

Define the group 

G = {7 G £ | there exists a unitary w G W(P) such that w*tp(a)w = V'( a (7 •)) Va G A} . 

By construction Ti < G. Also, since Q acts freely on (X,fx), if 7 G G — Y\ and u? G U(P) satisfies 
w*tp(a)w = ^(0(7-)) for all a G A, then P^,(^ >0nri )(tt;) = 0. Because ip(A Xn Ti) C P has finite 
index, it follows that Ti < G has finite index. Hence, G and T are commensurate groups inside 
Aut(X, //). Making Ti smaller if necessary, we may assume that T± is a normal subgroup of G. 

Let 7 G G. Take a unitary u; G W(P) satisfying w*ip(a)w = ip(a( r y ■)) for all a E 4, As such, 
is determined up to multiplication by a unitary in i/j(A). We claim that w can be chosen in 
such a way that w*ip(u g )w G T-0(it 7 -i 97 ) for all g G IV To prove this claim, first observe that 
w* ip(u g )wip(u^-i gi )* commutes with tp(A) and hence, belongs to ip(A). We find unitaries (o 9 ) 9£ r 1 
in A such that 

w*xfj(u g )w = ij}(a 1 --L gi u 1 -\ gi ) for all 5 G Ti . 
Lemma 12.41 yields a unitary b G W(^4) such that, replacing w by wip(b), the claim is proven. 

By weak mixing of Ti rx (A, /x), the unitary w satisfying the claim in the previous paragraph, is 
uniquely determined up to multiplication by a scalar. So, for every g G G, choose w g satisfying 
the claim. Make this choice such that w g = tp{u g ) for all g G Fi. By uniqueness of the w, we get 
w g Wh = fl(g, h)w g h for all g,h G G and for some Q G Z 2 (G, T) that extends the given Q, G Z 2 (ri, T). 
Since E^,^(w g ) = when g ^ e, the formula 

9 : A xiq G — > P : 0(a) = ^(a) for a G ^4 and t/>(%) = w g for g G G , 

is a well defined finite index inclusion. Since J7|r x was the obstruction 2-cocycle of a finite di- 
mensional projective representation, the same is true for Q G Z 2 (G, T) by considering the induced 
projective representation. 
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It remains to prove that 9 is surjective. Denote Po = #(^4 xn G), which equals the von Neumann 
subalgebra of P generated by tp(A) and the unitaries w g ,g G G. Choose i,j, an operator T G 
Pi B(K)pj, b G A, g G T. Define d = Ep(T ® bu g ). It suffices to prove that d G p>. We may assume 
that d ^ 0. Denote 7 = 7i<?7~ 1 . It follows that ip(a)d = d^(a(7 •)) for all a £ A. Let d = t>|d| be the 
polar decomposition of d. Then, \d\ G ip(A) C Po, while v is a non-zero partial isometry satisfying 
ip(a)v = vij){a{^ •)) for all a G A. Let W C X be the non-negligible subset such that v*v = ip(xu)- 
Put T2 = Ti n 7~ 1 Ti7. Since T2 acts ergodically on (X, fi), we can find subsets U n C U and group 
elements g n G T2 such that the sets g~ l ■ U n form a partition of X, up to measure zero. We may 
assume that Uq =U and go = e. It is then easy to check that 

w := ^ VK Sn7 -0* v *p(xu n u 9n ) 

n 

is a unitary in P satisfying ijj(a)w = wil){a{^ •)) for all a G A. It follows that 7 G G and u; G Po- 
Since v = wip(xu), we also get v G Pq. Hence, d G Po, ending the proof of the theorem. □ 



3 Concrete computations of the index sets C(M) and T(M) 

Theorem 3.1. Consider Q C K where K is a countable field of characteristic zero and Q 7^ K . 
Define Ti = SL(3, Q) and T 2 = SL(3, K). Let q G Q \ {0, 1, -1} and de/me 




£ := w/iere ,4 



W^e consider £ as a common subgroup of Ti, T2 and put T = Ti *s Finally, consider the 
subgroup A := Ai * A2 < T, where both Aj are given by 





a 






(6 


1 




a, 6, c G Z j 












Por any atomic probability space (Ao,//o) wiia unequal weights /j,q({x}), we consider the ll\ factor 

M:=L°°(Xo /A ) xT. 
Then, C(M) = {\G\ \ G < Gal(K) is a finite subgroup }. 

Corollary 3.2. Let M C N be a subset of the natural numbers that is closed under taking divisors: 
if n G J\f and m\n, then m G M. There exists a countable field K of characteristic zero such that 
the associated II\ factor M constructed in Theorem \3.1\ satisfies C(M) = N . 

Proof of Theorem\3Jl We denote (X,p) := (X ,/x ) r/A . Note that V has no non-trivial finite 
dimensional unitary representations. In particular, V has no non-trivial finite index subgroups. 

Throughout the proof, we use the following notation: whenever H\,H2 < G are subgroups, we 
write Hi H2 if there exists a g G G such that Hi n g~ l H2g has finite index in H\. In other 
words, a finite index subgroup of Hi can be conjugated into P2. 

Also note that whenever H < Ti is a subgroup such that H £ and H Aj, then H acts with 
infinite orbits on T/A and hence, H acts weakly mixingly on (X, p). This applies to H = SL(3, Z) 
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and its finite index subgroups. It also applies to H = Eij(Q), where Eij(x) = 1 + e- L j(x) with etj(x) 
being the obvious elementary matrix with a single non-zero entry given by x. 

We call reduced expression every product of elements alternatingly from Ti — S and — E. Every 
j G T-S admits a reduced expression. We refer to the first factor of such an expression as the first 
letter of g. The first letter of g is uniquely determined up to right multiplication by an element 
from E. The length of a reduced expression for g is denoted by \g\. By convention \g\ = when 
seS. 

We also have that E acts with infinite orbits on T/A. If not, we would find a finite index sub- 
group Eo < S and a g G T such that gTj^g^ 1 C A. Since EflA = {e}, we have g ^ AS. 
Hence, we can write g = g$g\ ■ ■ ■ g n with g$ G A and gi ■ ■ ■ g n being a reduced expression with 
gi G T{ — AjE. Since g\---g n conjugates So into A and g\ £ Tj - AjE, we conclude that 
(9k • • • 5n)So(5fc • • • 9n) C S, first for k = n, then for k = n — 1, until k = 2. Let h be a 
non-trivial element in (g2 • • • <?n)So(#2 • • • 5n) _1 - Then, h G S and gihg^ 1 € A. So, gihg^ 1 G Aj. 
The spectrum of every element in Aj is {1} and hence, the spectrum of h equals {1}. This is a 
contradiction with h G S — {e}. 

Part 1. The action T r\ (X,/j,) = (Ao,^o) r ^ A is cocycle superrigid for arbitrary countable or 
compact second countable target groups. This is, as follows, a direct consequence of results in 
[Po05|. Assume that w:lxl->5isa 1-cocycle with values in the discrete or compact second 
countable group Q. We first claim that both restrictions wjr i; % = 1,2, are cohomologous to a 
group morphism. We prove this claim for i = 2, the case i = 1 being analogous. Since SL(3, Z) 
has property (T), |Po05t Theorem 0.1] allows us to assume that w|sl(3,Z) ^ s a g r oup morphism. 
Since SL(3, Z) acts with infinite orbits on T/A, [Po05, Proposition 3.6] implies that a; is a group 
morphism on SL(3,Q). Since Eij(Q) acts with infinite orbits on T/A, the same |Po051 Proposition 
3.6] implies that u> is a group morphism on Eij(K). Since the Eij(K) generate T2, it follows that 
a; is a group morphism on T2- 

So, we have proven the claim and may assume that uj(g,x) = 5\(g) when g G T±, while u(g,x) = 
ip(g ■ x)52(g)tp{x)~ 1 when g G T2. Since S acts with infinite orbits on T/A, it follows that (p is 
essentially constant (see e.g. [PV08b, Lemma 5.4]) and hence, a; is a group morphism, concluding 
the proof of part 1. 

Part 2. Every finite index M-M-bimodule contains a non-zero finite index L 00 (X)-L 00 (X)- 
subbimodule. This is a consequence of [PV09j Theorem 7.1]. Denote by Di the normalizer of 
S inside Tj. We start with the following observation: whenever g G Tj such that gEg -1 flS^ {1}, 
we have g G D{. Indeed, if h G S — {1} and ghg^ 1 G S, consider the spectrum of h and conclude 
that ghg -1 equals either h or h^ 1 . This moreover implies that gAg~ l equals either A or A~ 1 and 
hence g G D{. The observation implies that gEg -1 n S = {1} whenever g G T — D\ *£ Z?2- So, 
[PV09, Theorem 7.1] yields the result. 

Part 3. The normalizer of T inside Aut(X, \i) is generated by T and the group Aut(A < T) := 
{5 G Aut(r) I 5(A) = A} which acts on (X,fJ,) by (S ■ x) gA = x s -i^ A . Part 3 follows from |PV09[ 
Lemma 6.15], once we have shown that A acts with infinite orbits on T/A — {eA}. It is easy to 
check that AgA is an infinite subset of T/A whenever g G T — SA. If a G S — {e} and if Ac A 
would be a finite subset of T/A, we find a finite index subgroup Ao < A such that <t -1 Ao<7 C A. In 
particular, o" _1 (Ao fl Ai)<r C Ai. Hence, a is upper triangular (with arbitrary diagonal elements). 
So, the standard basis vector e\ is an eigenvector of a. But all non-trivial elements of S have the 
same set of eigenvectors, namely the non-zero multiples of the vectors (1 — q)e% + e2 — qe^, e2 and 
63. The vector e\ is not in this set, yielding the required contradiction. 
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Part 4. Every automorphism 5 £ Aut(r) is of the form 5 = (Ad g) o (<5i * <5 2 ) where g G T and 
<5i G Aut(ri) satisfy ^(E) = £ and (<5i)| s = (5 2 )| S . 

We start the proof of part 4 with the following preliminary statement on general amalgamated free 
products r = Ti *2 r 2 . Whenever G < F is a subgroup, denote |G| := sup{|</| | g £ G}. One can 
easily show that \G\ < 00 if and only if there exists g £ F and i £ {1, 2} such that gGg^ 1 C IV One 
direction being obvious, assume that G < F is a subgroup and |G| < 00. Take g £ F minimizing 
the function g i-> j^Gg" 1 !. Replace G by gGg~ l . We show that G < F{ for some i G {1>2}. If 
\G\ < 1, we get G C Ti U IV Since G is a subgroup, one easily checks that G actually sits in one 
of the Tj. So, assume that |G| > 2. We will produce an element hi such that \h^ l Gh\\ < \G\, 
which contradicts our minimal choice of g. Take h £ G with \h\ = \G\. Write h in reduced form 
and denote by hi the first letter of h. Assume that hi G F\ — S. We claim that every element 
k £ G either belongs to Fi or admits a reduced expression starting with hi and ending with h^ 1 . 
Let k £ G and IV If the first letter of k cannot be chosen to be hi, then \k~ l h\ > \h\ = \G\, 
which is absurd. If the last letter of k cannot by chosen to be h^ 1 , we have \kh\ > \G\. This proves 
the claim and hence, \h± 1 Ghi \ < \G\. 

We now return to the actual proof of part 4. Whenever < p < 1, the function <p p (g) = p' 9 ' 
is positive definite. If p — > 1, the functions ip p tend to 1 pointwise. Consider SL(3,Z) as a 
subgroup of IV By property (T), <p p converges uniformly to 1 on <5(SL(3,Z)). This means that 
|<5(SL(3, Z))| < 00. So, after replacing 5 by AdgoS, we may assume that 5(SL(3, Z)) is a subgroup 
of either Ti or F2. We assume that <5(SL(3,Z)) < F2 and explain later why the other option is 
impossible. 

Observe that whenever G < Fi such that G 7^ S and whenever g £ F satisfies gGg~ l C Fi, then 

Whenever g £ SL(3,Q) viewed as a subgroup of F2, g quasi-normalizes SL(3, Z). So, 5(g) quasi- 
normalizes the subgroup <5(SL(3, Z)) of F2- By the observation in the previous paragraph, 5(g) £ IV 
So, <5(SL(3, Q)) C r 2 . For all i / j, we have that 5(E ij (K)) commutes with 5(E i:j (Q)) < F 2 . Again 
applying the observation in the previous paragraph, we get that 5(Eij(K)) C IV We have shown 

that <5(r 2 ) C r 2 . 

Similarly, we find h £ F and i £ {1,2} such that 5(Fi) C hFih^ 1 . Since 5(Fi) and 5(r 2 ) together 
generate F, we get that i = 1 and h £ r 2 Ti. Replacing 5 by Ad ho o 5 for some ho £ T 2 , we have 
found that 5(Fi) < Fi for both i = 1,2. Since (5 is surjective, we finally find that 5(Ti) = Tj for 
both z = 1,2. It automatically follows that <5j(E) = S and (<5i)|s = (^2) |s- 

If in the beginning <5(SL(3,Z)) would belong to a conjugate of Ti, the argument would go through 
in exactly the same way and end up with finding an isomorphism between SL(3, K) and SL(3, Q). 
Since Q ^ K, this is impossible. 

Part 5. We have Aut(A < F) = Ad A x Gal(K), where a £ G&l(K) defines the automorphism 
6 a ^ Aut(r) that is the identity on Ti and the pointwise application of a on T 2 . 

Let 5 £ Aut(A < F). By part 4, take g £ F and Si £ Aut(rj) such that 5j(S) = S, (<5i)| s = (5 2 )\z 
and 5 = Adg o (Si * <5 2 ). Since A« fy t S and <5j(S) = S, also 5(Aj) S. Hence, the fact that 
g5i(Ai)g^ 1 C A, forces g G AFi for both * = 1,2. So, g £ AS. Making the appropriate replacements, 
we may assume that 5i(T,) = S and <5j(Aj) = Aj. It remains to prove that <5i = id and <5 2 = 9 a for 
some a G G&l(K). 

Denote by (3 the automorphism of SL(3, K) given by the composition of the inverse and the trans- 
pose: /3(g) = (g T )~ 1 . As an automorphism of SL(3, K), we either have <5 2 = Adf?" 1 o 9 a or we 
have <5 2 = AdB' 1 o 9 a o /3 for some B £ GL(3, K) and a £ Gal(AT). In the latter case, it would 
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follow that B -1 0(E).B = E and B- l (3(A 2 )B = A 2 . The formula B- 1 f3(A 2 )B = A 2 implies that B 

(001\/***\ / * \ 
010 0** = ( o * * ) . We only retain that By> = 0. 
ioo ;i oo* ; v * * J lz 

The non-trivial elements of S all have the same eigenvectors, namely the non-zero multiples of the 

vectors (1 — q)e\ + e 2 — qej, (with eigenvalue 1), and e 2 , (with eigenvalue a non-zero power of q). 

On the other hand, the non-trivial elements of E T have as eigenvectors the non-zero multiples of 

e\ (with eigenvalue 1) and e\ + (q — l)e 2 ,qe\ + (1 — q)e% (with eigenvalue a non-zero power of q). 

Whenever neS - {e}, the formula B~ l /3(E)_B = E implies that 5 maps the eigenvectors of a to 

eigenvectors of /3(a) G E T with the same eigenvalue. Hence, Be 2 must be a non-zero multiple of 

either e\ + (q — l)e 2 or gei + (1 — q)e$. In both cases B\ 2 ^ 0, yielding a contradiction. 

Hence, <5 2 = Ad-B -1 o Q a for some B G GL(3, if) and a G Gal(if). So, B~ 1 A 2 B = A 2 , implying 
that B is upper triangular. Also, B~ 1 T>B = E, implying that B~ l AB = A or B~ X AB = A -1 . In 
the latter case -B must map e 2 to a non-zero multiple of e%, contradicting the fact that B is upper 
triangular. So, A and -B commute. It follows that the eigenvectors (1 — q)e% + e 2 — qe^, e 2 , of A 
are all eigenvectors of B. Since B is upper triangular, also e% is an eigenvector of B. Both together 
imply that B is a scalar multiple of the identity matrix and hence, 5 2 = 8 a . 

The proof that 5\ = id is identical to the proof that 5 2 = 8 a . 

Conclusion. The group T has no non-trivial finite index subgroups, so that part 1 and 2 say that 
r r\ (Xq, no) r / A satisfies Condition II .li By parts 3 and 5, the normalizer of T inside Aut(A, fi) is 
given by T x Gal(if). So, Corollary 11.51 provides the required formula for C(M). □ 

Proof of Corollarv \3.SX We mimic the construction of [We06, Theorem 4.7.1]. Whenever p and q 
are prime numbers with p\q — 1, denote by £ q a primitive q-th root of unity and choose a subgroup 
G of order (q - l)/p in Gal(Q(^)) ^ F g x ^ rpjw- Define K p , q to be the fixed subfield Q(^) G of 
Q(£ g ). By the fundamental theorem of Galois theory, G&l(K Piq ) = 

Denote by V the set of prime numbers. For every p € V, put f(p) = sup{/c G N | p k G A/"}. By 
convention, we put f(p) = if p M and we put f(p) = +oo if p k G M for all k. 

Let p n be a finite or infinite sequence of prime numbers with every prime number p appearing f(p) 
times. Observe that N consists of those natural numbers that divide po ■ ■ ■ p n for n large enough. 

We can inductively choose distinct prime numbers q n such that q n = 1 mod p n . Define K as the 
subfield of C generated by all the K Pn ^ n . As e.g. in [We06], Theorem 4.7.1], one easily checks that 
Gal(A^) is isomorphic with the compact group \\ n -^g. 

Define G n = Ilfc<n ^fl ano - denote by 7r n : Gal(A') — > G n the natural quotient map. Whenever 
G < Gal(AT) is a finite subgroup, there exists an n such that 7r n is injective on G. Hence, |G| 
divides po ■ ■ -p n . Conversely, if m divides po • • -p n , one easily defines a subgroup G < Gal(AT) with 
\G\=m. □ 

4 The C*-tensor category Bimod(M) and the C*-bicategory of com- 
mensurable Hi factors 

Whenever G rx (X,/j.) satisfies Condition II .1| Theorem 11.21 provides a description of all Hi factors 
that are commensurable with L°°(A) x G and moreover gives a description of all finite index 
bimodules between these commensurable Hi factors. 
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Given a Hi factor M, we denote by Comm(M) the C*-bicategory of commensurable Hi factors. 
The objects in this category (also called 0-cells) are all Hi factors that are commensurable with M. 
The morphisms (1-cells) are given by the finite index bimodules and their composition is defined 
by the Connes tensor product. The morphisms between the morphisms (2-cells) are given by the 
bimodular bounded Hilbert space operators. The bicategory Comm(M) in particular encodes the 
C*-tensor category Bimod(M) of all finite index M-M-bimodules equipped with the Connes tensor 
product. 

The aim of this section is to reinterpret Theorem 11.21 and to provide an explicit description of the 
C*-bicategory Comm(M) when M = L°°(X) x G and G rv (X, /i) satisfies Conditionll.il 

Definition of the C*-bicategory Hecke(G < Q) 

Suppose that G < Q is a Hecke pair, meaning that gGg~ l n G has finite index in G for all g G Q. 
We define the C*-bicategory Hecke(G < Q). In the case where G rx (X,n) satisfies Condition 11.11 
and M = ~L°°(X) x G, we will take Q to be the commensurator of G inside Aut(X, /i). Theorem 
14.21 will provide an equivalence of bicategories between Comm(M) and Hecke(G < Q). 

The objects (or O-cells) of Hecke(G < Q) are the pairs (Gi, Jli) where G\ < Q is commensurate with 
G and Oi G Z 2 (Gi,T) is the obstruction 2-cocycle of a finite dimensional projective representation. 

The morphisms (or 1-cells) from (G±, Qx) to (G2, ^2) are called correspondences and defined as the 
set of triplets C = (I, IC, it) where / C Q is a subset that is the union of finitely many cosets G\y 
and also the union of finitely many cosets XG2, and if 

• (fc-x)xei is a family of finite dimensional Hilbert spaces, 

• n(g, x, h) : fC x — > JC gx h are unitary operators satisfying 

7r(</ ', gxh, h) o n(g, x, h) = fli(g' , g) ir(gg', x, hh!) Q,2(h, h') . 

The composition or tensor product of correspondences is defined as follows. Assume that C = 
(I, /C, 7r) is a correspondence from (G±, Oi) to (G2, ^2) and that C' = (I', K! , n') is a correspondence 
from (G 2 ,n 2 ) to (G 3 ,Q 3 ). We define the tensor product C" = C ® C' as C" = {I" t K" , tt") given 
by the following formulae. 

First define the set I xq 2 I' as the set of orbits for the action k ■ (x,y) = (xk~ 1 ,ky) of G2 on 
/ x I'. For every orbit G2 ■ (x, y) € / xg 2 J', define^ the finite dimensional Hilbert space ^G 2 -(x,y) = 
K x ® K! y . Put I" := II'. The map 6 : I x G2 V -> I" : G 2 ■ (x,y) h-> xy is finite-to-one.' So, 
for every r € I", we define the finite dimensional Hilbert space /C" as the direct sum of all C s , 
s G 9~ l {r). Under the appropriate identifications, we define n"(g,r,h) as the direct sum of the 
operators ir(g, x, e) <X> n(e, y, h) when x £ I,y & I',xy = r. 

We call T a morphism (or 2- cell) between the correspondences (I,K,tt) and (/',/C',7r') if for every 
x G I fl J', we have T x G B(/C^.,/C x ) such that T gx hTr'(g, x, h) = n(g,x,h)T x for all g G G 
InI',h<EG 2 . 

One checks that Hecke(G < ^) is a C*-bicategory. 

4 More canonically, Cc 2 -(x, y ) is defined as the vector space consisting of families of vectors (^z)zeG 2 -<x,y) where 
£,k-(x, y ) G K xh -i ® IC' ky and £k.(a>, v ) = (w(e, x, fc" 1 ) ® 7r'(&, x, e))^ e for all k £ G 2 . 
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Bimodule functor from Hecke(G < Q) to Comm(M) 

Assume that G rx (X, /i) is a free, weakly mixing, p.m. p. action. Define Q as the commensurator 
of G inside Aut(A,/i). By [Va07l Lemma 6.11], Q acts freely on (X,fi). Put A = L°°(A,/i) and 
M := A x G. We define the bifunctor Bim from Hecke(G < Q) to Comm(M). 

Whenever C = (I, /C, ir) is a correspondence between and ((^2,^2), we define the 

(A Gi)-(A Mq 2 Gy-bimodule Bim(C) given by 

ft = 0(£s®L 2 (X,/z)) and 

xel (3) 
(0%) ■ (£ ® <i) • (6n/j) = n(g, x, h)£, ® aa g (d)a gx (b) for all £ G K, x . 

The left and right dimensions of the bimodule Bim(C) are given by 

dim£(Bim(C)) = dim(/C x ) and dim r (Bim(G)) = dim(/C x ) . 

xeGiV xe//G 2 

Whenever T is a morphism between the correspondences (I, fC, n) and (I' , IC' ,tt'), we define the 
bimodular operator Bim(T) : Bim(/', K', it') — > Bim(I, /C, it) defined by Bim(T) := ® x eInl'(T x l S>l). 
In this formula, it is understood that Bim(T) is zero on K. x ® L 2 (X, 11) when x G V \I. 

Proposition 4.1. Suppose that G rx (X,fi) is a free, weakly mixing, p.m. p. action and that Q 
denotes the commensurator of G inside Aut(X, fx). Put M = L°°(A) xi G. 

Then, Bim is a bifunctor from Hecke(G < Q) to Bim(Af). Moreover, Bim is isomorphic on the level 
of2-cells. More concretely, Bim defines a bijective isomorphism between the morphisms (I,lC,ir) — > 
(I',fC',iv') and the bounded bimodular operators Bim(/, JC,ir) — > Bim(/', K! , it'). 

Proof. It is straightforward to check that Bim is a bifunctor. So, assume that S is a bounded 
bimodular operator from Bim(J, /C,7r) to Bim(/', IC' , it'). In particular, for all x G I and y G I', 
Sy, x ■ K-x ® L 2 (X, fx) — > K' y ® L 2 (A, n) is a bounded operator satisfying 

Sy }X ((l ® a)f (1 ® <t s (6))) = (1 ® a) 5 w>a .(0 (1 ® <r„(6)) 

for all 0,6 G 4 := L°°(A). The commutation with a £ i implies that G B(/C x , /Cy) ® A. Since Q 
acts freely on (X, fj,), the commutation with 6 G A then forces x = y, unless Sy tX = 0. We conclude 
that S is the direct sum of operators S x G B(/C x ) ® A, x G I fl J'. 

Observe that the finite dimensional subspace K. x ® 1 C 1C X ® L 2 (A) is globally invariant under the 
unitary operators £ h-> u g ^u* x _ lgx , g G Gi PI xG2X~ 1 . By weak mixing, it follows that S X (IC X ® 1) C 
/Cj; ® 1. So, S x = T x ® 1 for some T x G B(/C x ). 

We have found a morphism T from (I,JC,ir) to (I',1C',it') such that S 1 = Bim(T). □ 

Equivalence of the bicategories Hecke(G < Q) and Comm(M) 
We then arrive at a categorical reformulation of Theorem 11.21 

Theorem 4.2. Let G rx (X,/j) satisfy Condition \1.1[ Put M = L°°(A) x G and denote by Q 
the commensurator of G inside Aut(X, /i). Then, Bim is an equivalence between the bicategories 
Hecke(G < Q) and Comm(G). 

More concretely, 
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• the Hi factors that are commensurable with M are, up to stable isomorphism, precisely the 
III factors A xiQj G\, where (G\,VL\) is a O-cell o/Hecke(G < Q); 

• the finite index (A Xq 1 Gi) — (A x^ 2 G 2) -bimodules are, up to unitary equivalence, precisely 
the bimodules Bim(C), where C is a 1-cell o/Hecke(G < Q); 

• the bounded bimodular operators between Bim(C) and Bim(C') are precisely the operators 
Bim(T), where T is a 2-cell o/Hecke(G < Q). 

Proof. Let C = (I,K,,n) be a correspondence between (Gi,Qi) and (G^,^)- It suffices to clarify 
the relation between the bimodules Bim(C) and the bimodules JC(j, it) appearing in the formulation 
of Theorem 11.21 

Put P = L°°(X) Xqj Gi and Q = L°°(X) xi^ 2 G 2 . Choose 71, . . . , j n E I such that I is the disjoint 
union of the Gi^ k G2- Define K k := /C 7fc and define the map 

vTfc : Gi n7 fc G 2 7 A T 1 -^U(K k ) : ir k (g) := Q 2 Ad-f k 1 (g' 1 , g) n(g, jk, l^g^lh) ■ 

Then, tt^ is a projective representation with obstruction 2-cocycle ^1^2 o Ad 7^ . One checks easily 
that 

n 

P Bim(7, K, vr) Q pK.(j k , Tr k ) Q . 
k=i 

□ 
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